Abstract. We study the Travelling Salesman Problem (TSP) on the metric completion of cubic and subcubic graphs, which is known to be NP-hard. The problem is of interest because of its relation to the famous 4/3 conjecture for metric TSP, which says that the integrality gap, i.e., the worst case ratio between the optimal values of the TSP and its linear programming relaxation, is 4/3. Using polyhedral techniques in an interesting way, we obtain a polynomial-time 4/3-approximation algorithm for this problem on cubic graphs, improving upon Christofides' 3/2-approximation, and upon the 3/2 − 5/389 ≈ 1.487-approximation ratio by Gamarnik, Lewenstein and Svirdenko for the case the graphs are also 3-edge connected. We also prove that, as an upper bound, the 4/3 conjecture is true for this problem on cubic graphs. For subcubic graphs we obtain a polynomial-time 7/5-approximation algorithm and a 7/5 bound on the integrality gap.
Introduction
Given a complete undirected graph G = (V, E) on n vertices with non-negative edge costs c ∈ R E , c = 0, the well-known Traveling Salesman Problem (TSP) is to find a Hamiltonian cycle in G of minimum cost. When the costs satisfy the triangle inequality, i.e. when c ij + c jk ≥ c ik for all i, j, k ∈ V , we call the problem metric. A special case of the metric TSP is the so-called graph-TSP, where, given an undirected, unweighted simple underlying graph G = (V, E), a complete graph on V is formed, by defining the cost between two vertices as the number of edges on the shortest path between them, known as the metric completion of G.
The TSP is well-known to be NP-hard [20] , even for the special cases of graph-TSP. As noticed in [17] , APX-hardness follows rather straightforwardly from the APX-hardness of (weighted) graphs with edges of length 1 or 2 ((1,2)-TSP) (Papadimitriou and Yannakakis [22] ), even if the maximum degree is 6.
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In general, the TSP cannot be approximated in polynomial-time to any constant unless P = N P , however for the metric TSP there exists the elegant algorithm due to Christofides [9] from 1976 which gives a 3/2-approximation. Surprisingly, in over three decades no one has found an approximation algorithm which improves upon this bound of 3/2, even for the special case of graph-TSP, and the quest for finding such improvements is one of the most challenging research questions in combinatorial optimization. Very recently, Gharan et al. [16] announced a randomized 3/2 − approximation for graph-TSP for some > 0.
A related approach for finding approximated TSP solutions is to study the integrality gap α(T SP ), which is the worst-case ratio between the optimal solution for the TSP problem and the optimal solution to its linear programming relaxation, the so-called Subtour Elimination Relaxation (henceforth SER) (see [5] for more details). The value α(T SP ) gives one measure of the quality of the lower bound provided by SER for the TSP. Moreover, a polynomial-time constructive proof for value α(T SP ) would provide an α(T SP )-approximation algorithm for the TSP.
For metric TSP, it is known that α(T SP ) is at most 3/2 (see Shmoys and Williamson [24] , Wolsey [25]), and is at least 4/3 (a ratio of 4/3 is reached asymptotically by the family of graph-TSP problems consisting of two vertices joined by three paths of length k; see also [5] for a similar family of graphs giving this ratio), but the exact value of α(T SP ) is not known. However, there is the following well-known conjecture:
Conjecture 1. For the metric TSP, the integrality gap α(T SP ) for SER is 4/3.
As with the quest to improve upon Christofides' algorithm, the quest to prove or disprove this conjecture has been open for almost 30 years, with very little progress made.
A graph is cubic if all of its vertices have degree 3, and subcubic if they have degree at most 3. A graph is k-edge connected if removal of less than k edges keeps the graph connected. A bridge in a connected graph is an edge whose removal breaks the graph into two disconnected subgraphs.
In this paper we study the graph-TSP problem on cubic and subcubic graphs. Note that the graphs in the family described above giving a worst-case ratio of 4/3 for α(T SP ) are graph-TSPs on bridgeless subcubic graphs. Our main result improves upon Christofides' algorithm by providing a 4/3-approximation algorithm as well as proving 4/3 as an upper bound in Conjecture 1 for the the special case of graph-TSP for which the underlying graph G = (V, E) is a cubic graph. Note that solving the graph-TSP on such graphs would solve the problem of deciding whether a given bridgeless cubic graph G has a Hamilton cycle, which is known to be NP-complete, even if G is also planar (Garey et al. [15] ) or bipartite (Akiyama et al. [2] ). In [8] there is an unproven claim that (1,2)-TSP is APX-hard when the graph of edges of length 1 is cubic, which would imply APX-hardness of graph-TSP on cubic graphs.
Also note that the 3/2 ratio of Christofides' algorithm is tight for cubic graph-TSP (see Figure 1) . As noted by Gamarnik et al. in [14] , one approach that can
